Recitation Work MATH-UA.0262: Ordinary Differential Equations Luke Peilen

Homework Solutions

Name: Notes and Solutions

December 10, 2021

1. Homework 1

Exercise 1.1 (1.2.3). Find the general solution of

dy 2t 1
i T1ye! T i

Sol. To solve this first order inhomogeneous linear ODE, we need an integrating factor g. Multiplying both
sides by g, we obtain
dy 2t g

T t9ireY " 1+

and see that g must satisfy % = glittz. Since [ ﬁ—ttzdt = In|1 + t?| + ¢, we see that g satisfies In|g| =
In |1 + 2| + ¢, and so one integrating factor is g = 1 + t2. We can then rewrite the above equation as

dy 2
L+ t2)—= + (14 ¢ =1+
()5 T Uy = U+ )5
dy
1+1%)— +2ty =1
(1+1%) = +2ty
d
pr (1+)y) =1.
Finding the antiderivative of both sides and rearranging, we see that the general solution is
t+c
t) = .
y(®) 1+ ¢2
Exercise 1.2 (1.2.7). Find the general solution of
dy t t3
- =1-——uy.
a1 e? 1+ 47

Sol. We first rearrange this first order inhomogeneous linear ODE, writing

dy (_t t3 _
dt T+ 14¢)¥ 7"

We must once more find an integrating factor g. Multiplying both sides by g, we obtain

dy+ t n 3 _

Yar TI\1xe2 T1yr))V I
and see that g must satisfy % :g(ﬁJr%)- Sincef(#Jrli%) dt=3In[1+t3+ 1|1 +t4 +c,
we see that g satisfies In |[g| = 2 In[1 +¢?| + 2 In|1 + #*| 4 ¢ and hence that

g(t) = e%ln(1+t2)+i1n(1+t4) =1 Jrtz)l/z(l +t4)1/4
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is one integrating factor. We can then rewrite the above equation as

t N 3
14+¢2 1+

((1 + )2 (1 + t4)1/4> % + ((1 +12)Y2(1 +t4)1/4) ( ) y=(1+tHV21 4114

G (e )y) = @e e

((1+t2)1/2(1+t4)1/4) y(t) :/((1+t2)1/2(1+t4)1/4) dt + ¢

()21 )Y de e
y(t) = (1 + £2)172(1 + t4)1/4

Exercise 1.3 (1.2.9). Solve the initial value problem

d
d—? +V1+t2ely=0, y(0)=1.

Sol. We can first rewrite this first order homogeneous linear ODE as

1d
S Ttz

ydt

3 njyl) = —vi¥ B,

dt
whenever y # 0. Integrating both sides from 0 to ¢, we find

¢ ¢

/ i (Iny(s)]) ds = / —v/1+s%2e° ds
o ds 0
¢

tnly(6)] - Inly(©)] = [~V ds
0
¢

In|y(t)| = / —V1+s%e° ds.
0

Unfortunately, we are unable to evaluate the integral on the right hand side. It follows that

or

Y(t) = e Ji VIFTE s

and since y(0) =1 > 0, we have
y(t) = e~ Jo VIFsTe™ ds,

Exercise 1.4 (1.2.13). Solve the initial value problem

d
&,

a YT 1 y(1) =2.

Sol. We must find an integrating factor for this first order linear inhomogeneous ODE. Multiplying both
sides by g, we find

PLUNP
dt 142’
we see that g must satisfy % = g. We know that one such solution is g = e?, so we choose this as our

integrating factor. We can thus rewrite the above equation as

dy e
¢4y e
Cu VT e
d et

) = 1o
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Since we can’t easily find an antiderivative for the right hand side, we use a definite integral and find

td . t es
/1£(ey(s)) ds-/1 st

t s
byt) —ey(l) = | —— d
olt) —es() = [ g ds
t s
t _

t s
_ —t €

Exercise 1.5 (1.2.17). Find a continuous solution of the initial value problem
v +y=g(), y(0)=0
where

Mﬂ:{z ifo<t<l,

0 ift>1.

Sol. Notice that g is discontinuous; as a result, we cannot guarantee that our solution y will be continuously
differentiable. Our plan is to find general solutions to the given ODE on the intervals [0, 1) and (1, c0), and
then use the initial conditions and the continuity assumption on y to give us specific solutions.

First, let us assume that 0 <t < 1. Then, our ODE can be written as
Y +y=2.
As we found above, an integrating factor for 3’ + v is ef. Hence, we rewrite our equation as

ety + ely = 2¢!

d
T (ety) = 2¢!
ely(t) = 2" + ¢
y(t) =2+ ce "

Since y(0) = 0, we have 2+ ¢ = 0 and hence ¢ = —2. Thus, for 0 < ¢ <1,
y(t) =2—2e7".
Next, we consider ¢t > 1. Then, our ODE can be written as
Yy +y=0.

This first order homogeneous linear ODE can be solved by rewriting it as

1d
Ldy _ |
y dt
d
— (1 =-1
% (in )
Inly| = —t+c¢
y(t) = ke ",

with k to be determined. Now, we use the continuity assumption. For our solution to be continuous, we
need limyqq = limy 1 y(¢) = y(1). So, we need

2 k
1 =i — —t = — - = = 1i = 1i =t = —
ltlgly(t) N 12%?2 2¢ 2 e y(1) ltlﬂly(t) ltlgl ke e
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Solving this equation for k, we find that k = 2(e — 1) and hence

y(t) =2(e = 1)’
for ¢t > 1. Thus, our full continuous solution is

2— 2t ifo<t<1;

y(t) = o

2(e —1)e ift>1.
Note that the book should’ve specified that the ODE is not satisfied at t = 1; our solution has a cusp.
Exercise 1.6 (1.2.21). Determine the behavior of all solutions of the following ODE as t | 0:

y, 1
at il

o

Sol. For t > 0, we solve this first order linear inhomogeneous ODE by finding an integrating factor. Multi-
plying both sides by g, we have

dy g
Iat T Vi

and see that % = % Hence, In|g(t)| = 2v/ + ¢, and one such integrating factor is g(t) = e2V?. Thus, our

equation becomes

Na
y=ge:?2

62\/{@ + 62\/{’51 =e
at i

£ () -

GQﬁy(t) = [eVidt+e

[N
S

. _fe%‘/zdt—i-c
y()_T’

where ¢ will be determined by an initial condition of some variety. Notice that since e3V? is continuous for
all ¢, so is its antiderivative. Furthermore, eVt 5 1ast 1 0. Hence, no matter what c is, lim; o y(t) exists
for the above solution!

Exercise 1.7 (1.4.1). Find the general solution of

dy
L+t =2 =1+y%
(1+1t%) 7 +y
Sol. Rewriting this separable ODE as
1 dy 1

Try2dt  14¢2

we see that )

14¢2

d
— (arctan =
7 )
Finding an antiderivative of both sides, we have
arctan(y) = arctan(t) + c,
or

y(t) = tan(arctan(t) + ¢)
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tan(arctan(t)) + tan(c)
1 — tan(c) tan(arctan(t))
t+k
1—Fkt

for arbitrary k.
Exercise 1.8 (1.4.3). Find the general solution of

dy

— =1-t+y* -ty
dt +y Y
Sol. We rewrite this separable ODE as
dy 2
—=(1 1—t
U 1+ - 1)
1 d
A -
1442 dt

d
p (arctan(y)) =1 —t.

Finding an antiderivative of both sides, we have

1
arctan(y) =t — 5152 +c

or

for arbitrary c.

Exercise 1.9 (1.4.9). Solve the initial value problem

dy  3t*+4t+2

a W, y(0) = -1

and determine the interval of existence of the solution.

Sol. We rewrite this separable ODE as
dy
dt

%(y2—2y):3t2+4t+2.

20y —1)—= =3t + 4t + 2

Finding an antiderivative of both sides, we have
y(t)? —2y(t) =t + 2t> + 2t + c.

Since y(0) = —1, we have
(-1)2=2(-1)=3=0+c¢

and so y satisfies
y(t)? — 2y(t) = 3+ 2t> + 2t + 3.

Adding one to both sides,

y(t)> —2y(t) + 1 =13 + 26> 42t +4 = (y(t) — 1)?
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and so
y(t) — 1= +Vt3 + 212 + 2t + 4.

Since y(0) = —1, we have

y(t) — 1= -3+ 212+ 2t + 4
y(t) =1— 3+ 22 + 2t + 4.

This solution is valid forwards in time from zero for all ¢ since 3 4+ 2t2 + 2t +4 > 0 for all t > 0, and is
valid backwards in time until this cubic becomes negative. When does that happen? First, notice that this
function is always increasing; its derivative is 3t2 + 4t + 2, which can be factored as

and hence

2\* 2
32 +4t+2=3 (t+3> +3>0.
Hence, the cubic has a unique zero. Plugging in ¢ = —2 (motivated by the rational roots test), we see
that this is a zero of the cubic. Hence, the solution is valid up until this point, so the interval of existence
is =2 < t < co. y is defined at t = —2, but it doesn’t technically solve the ODE because at that point
y(—2) =1 and the ODE is undefined.

Exercise 1.10 (1.4.11). Solve the initial value problem

d
o= Ha=pb-y)., y(0)=0 ab>0
and determine the interval of existence of the solution.

Sol. First, when k = 0, y = 0 is a solution for all —oo < t < co. In what follows, we assume k # 0. Then, we

rewrite the separable equation as
1 dy

(@a—y)b—y)dt

Suppose first that a # b. Then, we can split the left hand side using a partial fraction decomposition:

(a*y)l(b*y) :alb(bly_aly)’

( L L >dy:(a—b)k

SO

b—y_a—y dt
2 nfa -y~ - yl) = (a - bk
o la—yl—In y|) = (a
In Z:z‘:(a—b)kt—l—c
a-y _ Kela—bkt
b—y ’

with K to be determined. Since y(0) = 0j we have 4=0 = ¢ = K, so

a-y _ ge(a—b)kt_
b—y

Rearranging, we find

a—y(t) = (b —y(t) e
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a (1 _ e(a—b)kt) = y(t) (1 _ %e(a—b)kt)

a (1 _ e(a—b)kt)
y(t) = 1= Zela bkt

ab (1 — ela—b)kt
y(t) = abll=cr ") - )
b — gela—b)kt

Notice that this solution matches the one in the back of the textbook, since

ab (1 — e(“_b)kt) ab (e(a_b)’“ — 1)
b— qela—bkt  —  gela=bkt _
ab (1 — e_(“_b)kt)
a — be—(a—b)kt
ab (1 - e(b_a)kt)
a — be(b—a)kt

This function is well defined so long as the denominator is nonzero, i.e. when a = be(®=*t or ¢t = k(%—a) In 3.

The interval of existence then depends on whether or not k is positive or negative.

Why is that? Suppose k& > 0. Then, when a > b or when a < b (it doesn’t matter), one can see that

ﬁ In ¢ is negative. Hence, starting from ¢ = 0, we can run our solution backwards in time to m In ¢

or forwards in time to oo with no problem, and the interval of solution is ﬁ In § <t < oo. However, if

k < 0, then no matter if a > b or b > a, one can see that ﬁ In ¢ is positive. Hence, starting from ¢ = 0,

we can run our solution forwards in time to ﬁ In 7, or backwards in time to —oo with no problem. Thus,
1

if £ < 0, the interval of solution is actualy —co < t < (=] In .

Finally, we consider a = b. Then, we have

b dy
(a—y)?dt
d 1
)
dt \a—vy
1
— =kt+c,
with ¢ to be determined. Since y(0) = 0, we have ¢ = % Thus,
1 1
s kt4 =
a—y(t) + a

1
1=akt+1—kty(t) — ay(t)

(kt + (11> y(t) = akt

(1) = a’kt
YW= T akt
This function is well defined so long as the denominator is nonzero, i.e. when 1+ akt = 0 or t = —1/ak.

The interval of existence again depends on whether or not k is positive or negative. If k > 0, then —1/ak is
negative. Hence, we can run our solution from ¢ = 0 backwards in time to —1/ak or forwards in time to oco
without issue, and the interval of existence is (fﬁ, oo). However, if k < 0, then —1/ak is positive. Then,
we can run our solution from ¢ = 0 forwards in time to —1/ak or backwards in time to —oo without issue,

and the interval of existence is (—oo7 —a—lk)

Exercise 1.11 (1.4.13). Any differential equation of the form % = f(y) is separable. Thus, we can solve

all those first-order differential equations in which time does not appear explicitly. Now, suppose we have a
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differential equation of the form % =f (%), such as, for example, the equation % = sin (%) Differential
equations of this form are called homogeneous equations. Since the right-hand side only depends on the single
variable ¥, it suggests itself to make the substitution ¥ = v or y = tv.

1. Show that this substitution replaces the equation % =f (%) by the equivalent equation t%’ +ov=f(v),
which is separable.

2. Find the general solution of the equation %’ =2 (%) + (%)2

Sol.

1. Since y = tv, we can differentiate both sides in ¢ and find via the product rule that

dy v b dv
at at Cal T tae Y

Since & = f (%) = f(v), we have

dt
dy dv
= — = t—
J(w) dt atv
as desired.
2. Here, f(v) = 2v +v2. Using the above substitution, we can transform the equation ‘;—‘Z = (%) + (%)2
into the separable
dv
2 2= =t— 4.
v+v° = f(v) o +v

Rewriting this separable equation, we have (as long as v + v? # 0)

td—vzv+02
dt
1 dv 1
v+ovdt
1 dv 1
(v(v—i—l))dt_t
1 1 dv 1
<UU+1)dtt
d(ln v‘)zl
dt v+1 t
Integrating both sides and solving for v, we have
In|—2 ‘:1n|t|+c
v+1
v — kelnlt]
v+1
v+1 1
vkt
1 1
L
11—kt
vkt
kt
o) =1
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for arbitrary k # 0. Since v = y/t, we have

_ kt?
1=kt

y(t)

We now return to v +v? # 0. If v +v% = 0, then v = 0 or v = —1. v = 0 is accomplished by y = 0,
which can be obtained from the previous general solution by allowing k£ to be zero. If v = —1 then
y = —t. If that is the case, then v +v? = 0 so % =0 and v = —1 since v was —1 to begin with. Thus,
y = —t is also a solution and the general solution is

kt?
t) = —t t) = )
y(t) = —t or y(t) = T
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2. Homework 2

Exercise 2.1 (1.5.1). Prove that aa:bl;;zcz) is positive for tg <t < oo.

Proof. We assume a — bpg # 0.

Following the hint from the textbook, we recall that for the logistic model a, b and p satisfy

a(t —tg) = 1n@

Do

a — bpg
a —bp(t)
for tg <t < co. Notice that the left hand side is always well defined; as such, the right hand side must be as

well. If a — bpg # 0 then, this forces a — bp(t) # 0 as well; otherwise, the right hand side would not be well
defined.

At time t = tg, the sign of a — bp(t) trivially agrees with that of a — bpy (since they are equal!) and so the
ratio is positive. This ratio will only cease to be positive then in the case that a — bp(t) changes signs. Since
p(t) is differentiable (and hence continuous), we have by the Intermediate Value Theorem that in order to do
so, there must be some point t* at which a — bp(t*) = 0. However, as we discussed above, this is impossible!
Thus, a — bp(t) is always the same sign as a — bpg for ¢ > tg, and we conclude that the ratio a“:bl;fz‘;) is always
positive. ]

Now, of course notice that when a — bpg = 0, we discussed in class that from the equation one can see that
a —bp(t) = 0 for all time ¢ > tg. As such, this case doesn’t exactly satisfy the conclusion of the problem,
but is a case that can be understood entirely on its own.

Exercise 2.2 (1.5.2). 1. Choose 3 times tg, t1 and to, with t1 — tg = to — t1. Show that

apoea(t_to) _ apo
a — bpo + bpoeat=t0)  bpy + (a — bpg)e~(t~t)

p(t) =

determine a and b uniquely in terms of to, p(to), t1, p(t1), ta and p(ta).
2. Show that the period of accelerated growth for the United States ended in April, 1914.

3. Let a population p(t) grow according to the logistic law (1), and let t be the time at which half the
limiting population is achieved. Show that

a

_ b
p(t) - 14+ e—a(t—f) :

Sol.

1. This approach follows the one discussed in Ed’s notes. For ease, we set p; := p(¢;), and let p,, denote
the limiting population £. We also set A :=t; — ty = to — 1. We seek formulae for @ and b in terms

T
of the t; and p;.

The main idea behind this approach is that, while p(¢) is not a formula that can be easily manipulated,
1/p(t) is! We thus seek to understand 1/p(t) in a convenient way, and hope that will lead us to a
smart algebraic solution. First, let us rewrite equation (1) a bit. Dividing both the numerator and
denominator by bpg, we have

e

P 2)

p(t) = = .
14 (34 1) et 14 (B2 —1)ematiw)

Since pg, Poo do not depend on time, we can further simplify the above formula by writing

_ P
p(t) B 1+ ce—al(t—to)
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with ¢ = ’;%; — 1. Thus, we have

_ Poo P - Doo - Poo - Poo - Poo
T ldcetot)  1te¢ P'T Tqceatict) T TiceoB P2T T cemalta—to) | 14 ce-2ab

Po

Setting = e~ for notational convenience, we have

P Poo _ P
b2 T+

p0:1+C7 p1:1+cﬂa
Whew! This looks complicated, but we haven’t actually done much yet - all we’ve done is simplified
our formula to isolate important structure. This structure becomes evident if we now take reciprocals:
Po —qqe, B2cig, P2oiqg
Po n b2
These three equations will allow us to isolate p (and hence a!) entirely in terms of given quantities.
Notice that

Po Po o o . P Poo
— == —eu=plep—c)=p(——-—

b2 Y4 P Po
and so
P _ P 1 1
_ P2 pP1 _ P2 P1
H= P P — 1 _ 1-
P1 Po P1 Po

—eA we can entirely determine @ in terms of the ¢; and p; as

1 1
1 1 1 o1 po
= _ln= = 1 P1 Po .
a AHM tl_t0n<l_l>

P2 p1

Recalling that u =e

Now, how do we determine b? Knowing p, we can return to our previous equation 2= =1+ cu (or

P1
2—’“’; = 1+ cu?, but this is easier). Recalling that ¢ = %" — 1, we have

Poo _ 1+ (p‘x’ _ 1) L
Y4 20
Po _q_pyyPey,
Y4 Po

L—p
Poo = 3 T

P1 po

Recalling the formula for p and po, = ¢, we find that

1 1 1 1
p2 p1
1 1N\ o T oo \ I
h— a 1 In [ 2 po | 7 PO\ o1 "o
- P - t1 —to 1 1 1 _ 1
o PR 1— Iz
P1 PO

Whew! It is possible that this may be simplified, but we do not pursue that here. Notice, however,
that both a and b are determined entirely in terms of ¢; and p;.

2. As we discussed in recitation, the period of accelerated growth ends when p = 5. One way to see this
is that the period of accelerated growth ends when the first derivative begins decreasing, i.e. the second

derivative switches from positive to negative. Computing the second derivative from % = ap — bp?,
we have )

d*p dp dp

— =a— —2bp— = (a — 2b — bp).

gz = g 2w, = (a—2bp)p(a — bp)
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Notice that for p < 7 all of the terms are positive and hence so is the second derivative. At p = 5 one
term switches to negative, and the sign of the second derivative becomes negative as well. So, when
does this happen? Let’s use equation (1) to determine a formula for this time ¢* in terms of a, b, g
and py. We have

a _ apo
2b bpo + (a — bpg)e~(t"~to)
20 _ b azbpo gt

a a apo

pr = (a — bpo)e_a(t*—to)
a — bpg
1 =a(t*—t
n o a( 0)
1 —-b
£ =t + —In 2P0
a bpo

Using the numbers ¢ty = 1790, po = 3,929,000, a = 0.03134 and b = 1.5887 x 107! from page 32 of
the textbook, we find that t* ~ 1914.316, which means that the period of accelerated growth ended
some time in April, 1914.

3. Proof. Set tg =t, and then pg = 55+ Substituting these values into equation (1), we find

S

a

b

agp _
) e—a(t—t) 1+ e—a(t—t) ’

— b
b+ (a—bg)ealt-D

S

p(t) oy

Nl
e

as desired. O

Exercise 2.3 (1.5.3). In 1879 and 1881 a number of yearling bass were seined in New Jersey, taken across
the continent in tanks by train, and planted in San Francisco Bay. A total of only 435 Striped Bass survived
the rigors of these two trips. Yet, in 1899, the commercial net catch alone was 1,234,000 pounds. Since the
growth of this population was so fast, it is reasonable to assume that it obeyed the Malthusian law % = ap.
Assuming that the average weight of a bass fish is three pounds, and that in 1899 ever tenth bass fish was
caught, find a lower bound for a.

Sol. There is a question of when the surviving bass made the trip, but a lower bound for population growth
would assume that they are all from the 1879 trip (this would be the situation of slowest possible population
growth). Using the data about catch and weight in 1899, we can see that the population in 1899 was given
by

1,234,000 + 3 x 10 = 4113333.3.

Using the solution for Malthusian growth with ¢y = 1879 and ¢ = 1899, we have
4113333.3 = p(1899) = poe®189971879) — 435,200
Unraveling and solving for a yields & 0.458, which is a lower bound for the growth rate.

Exercise 2.4 (1.5.8). The population of New York City would satisfy the logistic law
dp 1 1

ap L L 9
dt — 25° " 25 x 1067

where t is measured in years, if we neglected the high emigration and homicide rates.

1. Modify this equation to take into account the fact that 9,000 people per year move from the city, and
1,000 people per year are murdered.

2. Assume that the population of New York City was 8,000,000 in 1970. Find the population for all future
time. What happens as t — oo ?
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Sol.

1. We need to take account for that fact that each year, in addition to the population change, 10,000
people leave the model (independently of p). This can be accounted for by simply adding —10, 000 to
dp.

E.
dp 1

- = ) - - 2 i
at 257 " 35 % 1007 10,000

2. For general constants this equation does not necessarily admit an exact solution, but in this case we

can factor the right hand side and see that this is separable:

dp 1 1

= 2
dt — 257 7 25 x 1067

= —ﬁ (p2 — 106p+ 25 X 1010)
1 2
=010 (p—5x10°)".

— 10,000

Using tg = 1970 and py = 8 x 105, we have

1 dp 1
(p—5x105)2dt 25 x 106

d 1 1
dt \p—5x10>) 25 x 106

! ! Y -9
p(t) —5x105 8x106—-5x 10> 25 x 106
1
p(t) =5x 10° + .
25><1106 (t —1970) + 8><106i5><105

Notice that as ¢ — oo, the denominator of the fraction defining p(t) tends to infinity. Thus, the fraction
vanishes asymptotically and p(t) approaches the limiting value of 500,000. This pessimistic model is

clearly not very accurate!
Exercise 2.5 (1.9.3). Find the general solution of

d
2t siny + y2e’ + (t* cosy + Sert)d—th =0.

Sol. Notice that

0
30 (2tsiny + y’e') = 2t cosy + 3y’e’ = % (t? cosy + 3y%e')
Y

so that the equation is exact. Integrating 2¢siny + y3e? with respect to ¢, we find that
D(t,y) = /2t siny + y3e! dt = t*siny + y3e’ + h(y)
for some function h(y). Differentiating in y and matching to our above equation, we have

0

E» (t2 siny + el + h(y)) =t?cosy + 3y2e’ + W' (y) = t? cosy + 3y°e’.
Y

Thus h/(y) = 0, so h is just a constant and the general solution to our ODE is

(L, y) = t?siny + y3e! = constant.

Exercise 2.6 (1.9.7). Solve the initial value problem

d
2ty3 + 3t2y2d—i =0, y(1)=1.
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Sol. Notice that 5 5
a—y (2ty3) = 6ty? = En (3t2y2)

so that the equation is exact. Integrating 2ty> with respect to t, we find
B(t,y) = [ 20 di=y° + hiy)
for some function h(y). Differentiating in y and matching to our above equation, we have

9
% (%9 + h(y)) = 3t%> + 1/ (y) = 3t°y>.

Thus, h'(y) = 0 and h is constant. The general solution to our ODE is then
®(t,y) = t*y® = constant.
Using y(1) = 1, we have t?y3 = 1 which allows us to solve for y as
y(t) = t72/3,
Exercise 2.7 (1.9.9). Solve the initial value problem

d
32+ dty + (2y + 2t2)di; =0, y(0)=1.

Sol. Notice that

0 (52 9 2
a—y(‘st +4ty)—4t—&(2y+t)

so that the equation is exact. Integrating 2y + 2t? with respect to y, we find
d(t,y) = /(2y +2t%) dy = y* + 267y + k(t)
for some function k(t). Differentiating in ¢ and matching to our above equation, we have

% (v + 2% + k(1)) = 4ty + K'(t) = 3t* + 4ty,

so k'(t) = 3t% and k(t) = t3 + ¢ for some c¢. The general solution to our ODE is then
®(t,y) = y* + 2ty + t* = constant.

Since y(0) = 1, we actually have
v 4otty 2 =1.

We can complete the square in the above as
(y+t2)? =y* + 20y +t* =17 + ¢4,
The initial condition y(0) =1 tells us to choose the positive square root, and hence
y(t) = —t* + V1 — 13 + ¢4

Exercise 2.8 (1.9.13). Determine the constant a so that the following equation is exact, and then solve the
resulting equation.

1 1 (at+1)dy
- 7_0

2y y3  dt
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O (1 1\_ -2 _a _0fa+l
8y 12 yz - y3 _y3_8t y3 :

It is clear that a = —2 will make this equation exact. Integrating t% + y% with respect to t yields

Sol. We require

1 1 -1 t
O(t,y) = s+ | dt=—+—5+h
(t,y) /(t2+y2> ; +y2+ (y)
for some function h(y). Differentiating in y and matching to our above equation, we have

R —2t —2t + 1
=+ hy) ) = = W) = ——
dy < rp T (y)) P ) y?

so b/ (y) = y% and h(y) = % + c. Hence,, the general solution to our ODE is

1 t 1 1 2t—-1
B A B A T

. _ 2t—1 .
Rearranging, we have 2551 = k + % = %, soy? = 4(2t—1) Taking square roots, we find

2y = 2(ktr1)"
26— 1)
O P
y(t) 2(kt + 1)

Exercise 2.9 (1.9.15). Show that every separable equation of the form M(t) + N(y)% =0 1is exact.

Proof. We need only notice that
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3. Homework 3

Exercise 3.1 (1.10.1). Construct the Picard iterates for the initial-value problem

y' =2ty +1)
y(0) =0

and show that they converge to the solution y(t) = et’ — 1.

Proof. Recall that for y/(¢t) = f(t,y) the Picard iterates satisfy the formula

t
0=v0+ [ Flsvnoa(s) ds
0
which here is given by

yn(t) :A 23(1 +yn,1(s)) ds.

We claim by induction that y,(t) = >, _, t;—:c — 1. The base case is clear: the previous would yield yg =

1 — 1 = 0, which is our initial condition. For the inductive step, we compute from the Picard iteration

%H@:/Bw+%@»w
/ 252—d8

n
282k+1
-y B
k=0 0 k.
n 2t2k+2

— (2K + 2)k!

n t2(k+1) ntl ok

_Z Zk|_1’

k=0

which is the desired formula. Hence, we conclude that y,,(t) = >}, k, — 1 by induction.

To demonstrate the requested convergence, we observe that the nth order Taylor polynomials for e* — 1
evaluated at z = t2 are simply the v,, above. Hence, using the Lagrange form of the error, for every t there
is some s with 0 < s < ¢2 such that

dn+1 8n+1
n(t) —y(t)] = ——(e" — 1 7
. Sn+1
= e m

We observe that for any real number a, ‘;—, — 0 (this is because eventually n > a, and so the successive

terms are obtained by multiplication by a factor that vanishes asymptotically). Then, since s is independent
S S”

of n, we see that |y, (t) —y(t)| =e (n+1

T 0 as n — oo, obtaining the desired convergence.

One could also bypass all of this work by just observing that the y,, are Taylor polynomials for e®, and the
Taylor series for e” converges for all z. O

Exercise 3.2 (1.10.5). Show that the solution y(t) of the initial-value problem

y' =14y +y®cos(t)
y(0)=0
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exists on the interval 0 < ¢t < %

Sol. The goal is to apply Theorem 2. Notice that here we have a first order ODE of the form y' = f(¢,y),
where f(t,y) =1+ y+ y*cos(t) and g—i = 1+ 2ycos(t) are continuous for all ¢ and y. Letting a and b be
arbitrary now, and letting M be the maximum value of |f| on the rectangle 0 < t < a, |y — yo| = |y| < b,
Theorem 2 guarantees existence up to time «, with

o = min i
= )

We have no restrictions on our choices of a and b, since f and % are continuous everywhere. Notice
that f obtains its maximum by setting ¢ = 0 and making y as large as possible on the rectangle. Hence,
M =1+b+b%cos(0) =1+ b+ b% and we can rewrite a in terms of a and b as

. b
= 1min (a, ]_H)W) .
Notice that if we choose a = b =1, then o = % and Theorem 2 guarantees the existence of the solution y(t)
on the interval 0 <t < %
Exercise 3.3 (1.10.7). Show that the solution y(t) of the initial-value problem

y = et + 42
y(0)=0

exists on the interval 0 < ¢ < %

Sol. The goal is to again apply Theorem 2. Notice that here we have a first order ODE of the form ¢y’ = f(¢,y),
where f(t,y) = et + y? and % = 2y are continuous for all ¢t and y. Letting a and b be arbitrary now, and
letting M be the maximum value of |f| on the rectangle 0 < ¢ < a, |y — yo| = |y| < b, Theorem 2 guarantees
existence up to time «, with
. b
o = min (a, M) .

We have no restrictions on our choices of a and b, since f and % are continuous everywhere. Notice that f

obtains its maximum by setting ¢ = 0 and making y as large as possible on the rectangle. Hence, M = 1+b2,
and we can rewrite « in terms of @ and b as

b
« = min <a, 1+b2) .

Notice that if we choose a = b =1, then o = % and Theorem 2 guarantees the existence of the solution y(t)
on the interval 0 <t < %

Exercise 3.4 (1.10.17). Prove that y(t) = —1 is the only solution of the initial-value problem

Yy =tl+y)
y(0)=-1

Proof. Notice that y(t) = —1 solves the ODE since ¢’ = 0 and t(y + 1) = 0. Thus, to prove that this is the
only solution, we need only show that the solution to this ODE is unique.

One way to prove uniqueness is to apply Theorem 2’ iteratively, tacking on a nonzero « of uniqueness time
after each application, until uniqueness for all positive times has been demonstrated. That approach is a
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bit frustrating to write out rigorously however, so instead in these solutions I intend to mimic the proof of
uniqueness in Theorem 2’ in the textbook.

Suppose for the sake of a contradiction that there is a second solution z(¢) with the initial condition z(0) = —1.
Then, since z(t) solves the ODE it also solves the integral formulation

t
z(t) = -1 +/ s(1+ z(s)) ds.
0
As a result, we can write

|y(t)—z(t):—1—z(t)|:1+z(t)|:‘/0 s(1 + =(s)) ds g/o s1+ 2(s)| ds

and see that .

1+ 2(t) < /O's|1 + 2(s)] ds.

This is very similar to the setup of Lemma 2 in §1.10, and is an example of a more general inequality called
Gronwall’s inequality. I won'’t state that in full generality, but those who are interested should look it
up! It’s a very useful tool in the study of ODE and evolution type PDE.

What does this inequality give us? Set w(t) = |1 + z(t)|. Then, the above reads

w(t) < [ suts) as

where we take care to remark that w is nonnegative.

The heuristic is that we can think of fot sw(s) ds = U(t) and for ¢ > 0 write

1dU
—— < U(t).
tdt = U

Rewriting this, we have the inhomogeneous first order linear ODE

dUu
E—tUZf(t)

for some negative f, which we could solve by introducing the integrating factor e~ 2%, Instead of dealing

with the derivatives, we introduce this integrating factor directly into the integral inequality above.

For those of you who didn’t want to read the above heuristic, we define

Differentiating in ¢, we have by the product rule and the fundamental theorem of calculus that

W (t) = —te— 2t /tsw(s) ds + e 2 tw(t) = te~ 2t (w(t)—/tsw(s) ds>.

0 0

By the integral inequality w(t) < fot sw(s) ds, we can conclude that the right hand side is nonpositive for
t>0, ie.
u'(t) <0.

Hence, the function u is decreasing, and we have u(t) < «(0) = 0. Since w is positive for all ¢ > 0, we have
that w(t) = 0 for all ¢ > 0. Then, fg sw(s) ds is zero too, and since w is nonnegative we must have that
w(t) = |1 + z(t)] = 0 for all time. Hence, z(t) = —1 = y(¢), and the solution to our ODE is unique! O
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Exercise 3.5 (1.10.19). Find a solution of the initial-value problem

{y/ =t/1-42

y(0) =1

other than y(t) = 1. Does this violate Theorem 2°? Explain.

Sol. Away from y = 1, we could solve this as a separable ODE, writing

1 dy
7 ¢
,/]_—y2 dt

% (arcsin(y)) =t

1
arcsin(y(t)) = §t2 +c

1
y(t) = sin <2t2 + c) .
Matching to our initial condition y(0) = 1, we have 1 = sin(c) and so ¢ = 7. Thus, a second solution to our

initial value problem is given by
(t) =sin 22+ T
=sin | = —
Y2 2 2 y

and we see that our initial value problem has two solutions. This, however, does not violate the uniqueness
guaranteed by Theorem 2’ because Theorem 2’ doesn’t apply here. To apply Theorem 2’, notice that
y = f(t,y) with f(t,y) = t\/1 —y%. We require f and % to be continuous in a rectangle 0 < t < a,
ly — yo| = |y — 1| < b for some positive a and b. However, for any choice of b > 0, y = 1 is included in said
rectangle and notice that

of -ty

dy  J1—2
is not continuous there! Hence, no such rectangle exists on which we can apply Theorem 2’ and there is no
reason to expect uniqueness.
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